
ORIGINAL PAPER

M. Gambhir � M.T. Dove � V. Heine

Rigid unit modes and dynamic disorder:
SiO2 cristobalite and quartz

Received: 10 March 1998 / Revised, accepted 15 January 1999

Abstract The high temperature (b) phases of SiO2

cristobalite and quartz are studied by performing mo-
lecular dynamics simulations using a model which al-
lows easy analysis of tetrahedral motions. The dynamic
nature of the disordered high-temperature phase of
cristobalite is attributed to rigid unit mode (RUM) ex-
citations, and it is found that the entire spectrum of
RUMs is responsible for the disorder. Comparisons of
the results of b-cristobalite with those of b-quartz lead to
the conclusion that framework structures with high de-
grees of geometric ¯exibility, and hence many RUMs,
are free to deform through cooperative tetrahedral ro-
tations even in the limit of extremely large tetrahedral
sti�nesses.

1 Introduction

Many framework mineral structures consist of sti�
polyhedral units, made up of two or more atoms, such as
SiO4 tetrahedra. These sti� units are loosely jointed with
one another and the characteristic inter-polyhedral force
constant (sti�ness) is often 25±100 times smaller than the
intra-polyhedral sti�ness. It has been found that there
exist a few motions of the system which only involve
coherent rotations and/or translations of the polyhedra
with zero distortion of the sti� units. These motions are,
therefore, of very low energies. They are called rigid unit
modes (RUMs) and are determined geometrically by
moving the constituent units without distortion (Dove
et al. 1993, 1995; Dove 1997b; Hammonds et al. 1994).
It should be stressed that the units are deformable and

practically all phonon modes involve their deformation,
but there are also motions that may be accomplished
without deformation which are especially important
because of the sti�ness of the polyhedra. In the structure
of Fig. 1, showing the view down a h111i direction in the
high-temperature b-phase of cristobalite, such motions
occur when adjacent tetrahedra rotate in opposite di-
rections through the same angle.

The exploration of the RUM model has illuminated
several phenomena, particularly the reasons for the
widespread occurrence of displacive phase transitions in
framework structures (Hammonds et al. 1996), the
phase transition temperatures (Dove et al. 1995), nega-
tive coe�cients of thermal expansion (Pryde et al. 1996,
1998; Welche et al. 1998), possible adsorption sites for
catalyst ions in zeolites (Hammonds et al. 1997, 1998),
the origins of thermal di�use X-ray and electron scat-
tering patterns (Hammonds et al. 1996; Dove et al.
1996b) and, recently, a possible explanation of the low
frequency dynamics in silica glasses (Dove et al. 1997b;
Trachenko et al. 1998).

It has been found that the number of geometrically
allowed RUMs varies greatly from structure to structure
(Hammonds et al. 1996). Even among the family of
tetrahedral framework structures in which all corners of
all tetrahedra are linked to other tetrahedra, there are
great variations. For example, zeolites such as faujasite
have very many RUMs (Hammonds et al., 1997, 1998),
whereas the low-temperature a-phase of cristobalite has
very few (Hammonds et al., 1996).

The aim of the present work is to use this model to
provide an understanding of the atomic structure of the
high-temperature b-phase of SiO2 cristobalite. Cristo-
balite undergoes a displacive phase transition from the
high-symmetry b-phase to the lower-symmetry a-phase
on cooling below 548 K. The a-phase is well understood
and the RUM instability at the X-point of the Brillouin
zone which is responsible for the rotations and transla-
tions from the b ÿ! a forms has been identi®ed and
documented (Swainson and Dove 1993a, b; Hammonds
et al. 1996).
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The problem with b-cristobalite that will be ad-
dressed here is that it would seem to be a dynamically
disordered structure. X-ray (Wright and Leadbetter
1975) and neutron (Schmahl et al. 1992) di�raction ex-
periments show that the system has an overall Fd3m
symmetry and this suggests that, in a static completely
ordered model, the SiAOASi angles are 180� as in
Fig. 1. Di�raction results, however, give an idealised
structure, averaged over space and time, so locally the
symmetry may deviate from the overall space group.
The lattice parameter of the cubic unit cell is 7.15 AÊ and
the silicon-oxygen distance is 1.61 AÊ with the tetrahedra
almost completely undeformed (Wright and Leadbetter
1975; Schmahl et al., 1992; Swainson and Dove
1995a, b). Therefore, given that the tetrahedra are very
sti�, the lattice parameter is too small to allow a fully
expanded, idealised, cristobalite structure to be respon-
sible for the di�raction results. The 180� SiAOASi angle
is uncommon and is generally found to be around 140�±
150� in other silicates.

It has been concluded, therefore, that the tetrahedra
are tilted away from the directions prescribed by the
idealised structure and that the SiAOASi angles do lie
between the common values. The lattice parameter and
SiAO distance measured imply, for undeformed tetra-
hedra, SiAOASi angles of approximately 148�. Recent
neutron total scattering measurements on b-cristobalite
(Dove et al. 1997a) have shown that, indeed, almost
completely undistorted tetrahedra are tilted away from
their ideal orientations to give an average angle between
the actual SiAO bond vector and the h111i axes of
around 17�. However, because the overall symmetry of
the system must remain cubic Fd3m the rotations (and
accompanying translation) of the tetrahedra must be
disordered. This will be referred to as the real structure.
Incidentally, it is seen that rotations must be accompa-

nied by translations in order to keep the tetrahedra
minimally deformed.

The purpose of this work is to use a molecular dy-
namics simulation (MDS) to elucidate the nature of the
orientational disorder in greater detail. The b-cristo-
balite structure has whole planes of RUMs in wave
vector space and the great many modes of low energy
distortion available to it may permit a dynamically dis-
ordered state to exist (Swainson and Dove 1993a,
1995b). Dynamic disorder is characterised by extremely
short-ranged correlations, in time and space, of orien-
tations of tetrahedra. However, a dynamic state is not
the only possibility and previous studies have suggested
that the b-phase consists of patches of a lower symmetry
crystalline state brought about through coherent rota-
tions and translations which locally resemble the a
phase. These patches have been predicted to have an
appreciable (several unit cells) extent in space and time
(several low frequency phonon periods). There have
been two major proposals for the statically disordered
structure. The ®rst (Wright and Leadbetter 1975; Liu
et al. 1993a; Demkov et al. 1995) states that the local
symmetry of the structure is I�42d, and the RUM re-
sponsible will have zero wave vector (Swainson and
Dove 1993b), and the second (Hatch and Ghose 1991)
has the local symmetry of the a phase (P41212) and
therefore the RUMs responsible lie at the X points. Both
models propose the existence of a patchwork of micro-
domains resulting in the oxygen atoms lying on annuli
around the h111i axes in six partially occupied positions.
By contrast, the total neutron scattering results for
b-cristobalite of Dove et al. (1997a) appear to rule out
the latter domain model.

The nature of the structure of the b-phase over short
length scales is unknown, and this study attempts to
answer the question of whether the disorder is dynamic
or static. This is achieved through the analysis of spatial
and temporal correlations in the structure generated in
the computer simulations.

The MDS of this study is concerned with the real
cristobalite structure but it will be convenient to refer
back to the simple, idealised structure to aid interpr-
etation. The real structure can be seen as a coordinated
set of ®nite rotations of the tetrahedra from the no-
tional idealised structure. As explained, the motions of
interest are the RUMs because these have the lowest
associated energy and so we expect them, and those
motions close to RUMs, to be of the largest amplitude
and hence to dominate. It should be noted that dis-
tortions of the tetrahedra at high temperatures are
slight due to their sti�ness (Downs et al. 1992) so the
distortions in this simulation are very small and hence
motions may be approximated to RUMs. So, we will be
interested in the in®nitesimal RUM phonons of the
idealised structure, bearing in mind that they are excited
to quite large ®nite amplitudes. RUMs with in®nitesi-
mal amplitudes may be superposed upon one another as
for simple phonon modes of the structure. However,
since RUMs involve rotations of the tetrahedra, they

Fig. 1 Plan view of a (111) layer in ideal b-cristobalite
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may not be so easily superposed at ®nite amplitudes due
to the non-commutivity of rotations (Hammonds et al.
1996). The possibility exists that the excitation of some
RUMs may preclude the existence of others. Indeed, it
has been proposed (Liu et al. 1993b; see the reply by
Swainson and Dove 1993b) that, at temperatures for
which tetrahedral rotations are large, selections of cer-
tain RUMs may exist, with others being excluded, and
the formation of microdomains could be the result of
this process. The MDS therefore also seeks to answer
the question of whether a framework system's entire set
of RUMs can be excited simultaneously to give a large
number of low energy distortions contributing to a
dynamic disorder.

2 The molecular dynamics model

Our MDS was performed using a simpli®ed model wherein rigid
ideal SiO4 tetrahedra interacted with neighbouring tetrahedra
through harmonic forces acting on the linked corners, giving zero
equilibrium separation. This is the dynamic version of the ``split-
atom'' method proposed by Giddy et al. (1993). The force constant
is formally equivalent to the sti�ness of the tetrahedra, and in our
model is the only parameter controlling the dynamic simulation
other than the volume. Although this force constant gives har-
monic motion for uniform displacements of the tetrahedra, it ac-
tually translates to anharmonic motions when the tetrahedra rotate
if, as in our work, the dynamical equations of motion are expressed
in terms of orientational variables. Anharmonicity in the equations
of motion is essential for molecular dynamics simulations to work
properly, with transfer of energy between di�erent vibrational
modes.

In addition to discovering the nature of b-cristobalite, it was
also the aim of these simulations to illuminate issues pertaining to
the degree of ¯exibility of structures that have RUMs. As already
stated, di�erent structures have very di�erent degrees of RUM
¯exibility. By making the sti�ness 10 times larger, as was possible in
these simulations, we could e�ectively freeze out all motions except
those of RUM type or very close to it. The e�ect of a severely
reduced amount of non-RUM ¯exibility in the structure could be
gauged by examining tetrahedral localisations (see Sect. 5). To this
end, b-quartz was compared with b-cristobalite since the structures'
RUM spectra are rather di�erent ± b-cristobalite having many
more RUMs than b-quartz (Hammonds et al., 1996).

The model included the essential physical ingredients necessary
for the analysis of these problems: the sti�ness of the tetrahedra,
which is the dominating force, was explicitly included; the volume
of the system is governed by the interplay between the inward
pressure due to attractive forces, which tend to collapse the struc-
ture to the a-phase, and the vibrational entropy which e�ectively
exerts an outward pressure (but see the discussion of the thermal
expansion by Swainson and Dove 1995a, and the follow-up mea-
surements of Bourova and Richet 1998). In our model the volume
was ®xed at the experimental value for 1000 K. Reducing the
number of system variables in this way allowed all results to be
interpreted easily in terms of tetrahedral motions and RUMs.

The molecular dynamics algorithm used was of the type NVE,
conserving the number of molecules, the volume of the system and
the total energy. The algorithm was designed for use with molecules
and other units and the results were easily interpretable in terms of
translations and rotations of tetrahedra. Rotations were handled
with the use of quaternions. Periodic boundary conditions were
used, and the size and shape of the sample was not allowed to vary.
A time step of 0.001 ps was found to be su�ciently small to prevent
total energy drifts and allow the observation of even the highest
frequency modes of oscillation (these were approximately 20 THz).
The system was equilibrated for 10 000 time steps (10 ps) before the

statistical quantities required were accumulated. Quantities which
were thermally averaged, such as the example given later, were
typically averaged over a time period of 100 000 time steps
(100 ps).

The split-atom force constant was assigned a value that best
reproduced the range of frequencies of quartz in a lattice dynamics
calculation.

2.1 Cristobalite

The MDS system was a cubic box of dimensions 16a� 16a� 16a
where a is the lattice parameter of b-cristobalite and each unit cube
contained 8 tetrahedra.

The types of quantity calculated are generally expressible in the
form of correlation functions. Probably the most important of
these is the scattering factor, S�k�, which is de®ned following
chapter 12 of Dove (1993). The degrees of freedom of the tetra-
hedra are labelled ui�R; t� where i runs from 1±12 for each pair of
tetrahedra covering the three translational and rotational degrees
of freedom of each tetrahedron. The vector R represents the
primitive cell position (two tetrahedra per cell) and t is the time.
The collective variables are:

ui�k; t� �
�����
mi

N

r X
R

ui�l; t�eik:l ; �1�

where mi is the mass or moment of inertia of a tetrahedron. The
constant N is the number of pairs of tetrahedra in the sample and k
is a permitted k-point lying on the grid of points in k space as
dictated by the periodic boundary conditions.

The matrix Sij�k� is produced by averaging products of these
collective variables over the period of the simulation:

Sij�k� � hui�k; t�uj
��k; t�i ; �2�

where the angled brackets h� � �i represent a thermal average.
When the matrix Sij(k) is diagonalised, the 12 normalised

eigenvectors of the matrix give the phonon (=normal mode)
translations and rotations, and the eigenvalues, Kn, are related to
the amplitudes Qn�k� to which these normal modes are excited:

Kn � hQn�k�Q�n�k�i : �3�
For a harmonic system at temperature T we also have:

hQn�k�Q�n�k�i �
kBT

xn
2�k� ; �4�

For our `real' structure the situation is inherently di�erent. At least
the rotations ui�l; t�, and probably also the translations, are non-
zero, not just because of thermal excitation, but because of the
inherent nature of the dynamically disordered state, i.e. because of
the inherently non-zero values of the rotations needed to ®t the
tetrahedra into the required volume. We expect the amplitude
squared hQn�k�Q�n�k�i will still be given approximately by Eq. (4)
for modes far from RUMs. However, for modes close to the RUMs
inherent in the ¯uctuating disordered state, we expect their am-
plitudes to be largely determined by the ®nite rotations needed in
that state rather than by thermal excitation. These expectations will
be tested.

Two real space correlation functions were also calculated dur-
ing the simulation runs. One of these, a spatial correlation function
fsp�r�, described the rotational correlation between one tetrahedron
and all others lying in certain planes of the structure:

fsp�r� � h/�0�/�r�i ; �5�
where /�r� represents a rotational angle of a tetrahedron about a
particular axis at the position vector r from the origin. In addition
to this, time-dependent correlation functions were also calculated.
The functions were computed as generally as possible by obtaining
correlations of each degree of freedom (translations and rotations)
with every other for a pair of tetrahedra. These functions were
averaged out over the simulation time and over the entire sample of
tetrahedral pairs.
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gij�t� � hui�0�uj�t�i �6�
here gij represents one of the 12� 12 correlation matrix elements
and the ui�t� represent the 12 degrees of freedom of a pair of tet-
rahedra as functions of time. Both spatial and temporal correlation
functions were computed over an accumulation period of 100 000
time steps.

It should be noted that, thermodynamically, the model depends
only on one parameter, s, which is a measure of the sti�ness of the
tetrahedra:

s � k
kBT

�7�

This ratio provides a comparison between the potential and kinetic
energies of the system as found in the exponent of the thermody-
namic Boltzmann factor. Increasing the parameter s by a factor of
ten may be interpreted either as an increase, by a factor of ten, of
the sti�ness of the tetrahedra at constant temperature, or as a de-
crease of the temperature by the same factor at constant sti�ness.
In the former interpretation this sti�ness value is very large (su-
persti�) and it allowed us to study the level of ¯exibility of the
system when the polyhedral units were very in¯exible, e�ectively
freezing out all motions except the RUMs. The nature of the dy-
namic disorder of the structure could therefore be directly associ-
ated with the inherent geometric ¯exibility of the system. Following
this formalism, in our simulations, s � s0 corresponds to 1000 K
with k equal to that for real silicates (245 Nmÿ1). Most of the
simulation runs were performed at s0 but results were also obtained
at s � 2s0 and 10s0 (supersti�).

2.2 Quartz

Calculations performed on the quartz structure, using the same
model as outlined, have extended the study considerably. Quartz
has a signi®cantly di�erent RUM spectrum to cristobalite. In the
high temperature b-phase, quartz has RUMs lying along several
lines and one plane in k-space (Giddy et al. 1993; Hammonds et al.
1996) in contrast to the several planes of cristobalite. In each
simulation, the quartz sample was initiated in one of the two low-
temperature a-phase con®gurations, with geometrically perfect
tetrahedra, an SiAO distance of 1.61 AÊ and the unit cell volume
corresponding to that found experimentally at Tc. This volume is
approximately midway between the 0 K a-phase volume (Smirnov
and Mirgorodsky 1997) and the ideal (in the same sense as used for
cristobalite) b-phase volume. Therefore, just as in the case of
cristobalite, the quartz tetrahedra ®nd themselves in a box too
small to allow full rotations to give the ideal atomic positions of the
b-phase, and slight tetrahedral tilts may prove favourable. On
sti�ening the tetrahedra by the method described in the previous
section, the e�ect that the lower degree of geometric ¯exibility has
on the freedom of the tetrahedral rotations is explored by evalu-
ating probability density functions for the oxygen positions at the
vertices of the tetrahedra. The tendency of a framework structure
to disorder dynamically purely as a consequence of the number of
RUMs available for it do so is thus examined.

Calculations were performed at the same tetrahedral sti�nesses
as for cristobalite to allow the two systems to be directly compared
under similar conditions.

3 Results: ¯uctuations in k-space

Molecular dynamics simulations allow for several vari-
ables to be calculated at regularly spaced time steps, and
k-space results are thus readily calculable. One such
function is S�k�, de®ned in the previous section. It will
be referred to here as the scattering factor. The function
S�k� is proportional to the thermal di�use scattering
intensity measured in experiments. Of course, the two

quantities are not exactly the same since experimental
e�ects such as multi-phonon scattering and atomic
scattering factors have not been taken into account, but
the calculation should give a good indication of the true
scattering distribution.

The ®rst illustrations of the scattering factor are views
of S�k� in planes. For each view of the function
(Fig. 2a±c) a shaded contour plot is shown and the di-
rections of di�use intensity may be directly compared
with the TEM images found of Welberry et al. (1989),
Withers et al. (1989) and Hua et al. (1988), which was
attributed to concerted tetrahedral motions. When
comparing the MDS images viewed down various axes
with those obtained by TEM, strong di�use scattering
occurs along the same directions in k-space in both ex-
periment and calculation. This is evidence that the
model system behaves very similarly to the true material.
In fact, the regions of high intensity on the S�k� plots of
Fig. 2a±c occur at the same points as RUMs have been
shown to occur for the ideal b-cristobalite structure
(Hammonds et al. 1996), namely on the h110i zones in
reciprocal space. Therefore the description of the real
structure in terms of the ideal modes is valid.

Of great signi®cance is also the fact that the entire
spectrum of RUMs appears to be excited, there are no
regions in the S�k� plots which would be expected to
show the high intensities associated with RUMs but do
not. All the RUMs are excited simultaneously and the
question posed by Liu et al. (1993b) of whether RUMs
may superpose without the selection of some in prefer-
ence to others is thus settled: they can!

If the structure consisted of ordered patches of the
types described by Wright and Leadbetter (1975) or
Hatch and Ghose (1991) peaks would be observed on an
S�k� plot at the k points where the relevant phonon
modes of these theories condense. The plots of Fig. 3
show S�k� in the h1�10i RUM zones. No peaks are ob-
served at the X point (001) required for the Hatch and
Ghose hypothesis. The Wright and Leadbetter theory
involves the RUMs at the C point (000) and no peak is
seen here, though the magnitude of S�k� is arti®cially
reduced at this point due to the constraint that the system
should have zero overall momentum. Around the C
point, peaks are seen. In order to analyse the nature of
these peaks, the eigenvectors of the Sij(k) matrix (Eq. 2)
were found at the peaked k points. These eigenvectors
were approximations to the normal modes of oscillation
and were decomposed into their constituent parts by
projecting them onto the ideal structure eigenvectors at
C, given by the CRUSH program (Hammonds et al.
1994). It was found that an overwhelmingly large con-
tribution to the S�k� peaks originated from the acoustic
modes (non-RUMs) which are very low in frequency near

Fig. 2a±c Shaded contour plots illustrating the S�k� intensities of
b-cristobalite at a tetrahedral sti�ness of s0 viewed down the a
�001�, b �111� and c �1�10� directions. These plots represent results
from the simulations which are equivalent to the di�use scattering
TEM images of Withers et al. (1989)

c
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to C. Therefore, there is no sign of the RUM softening
required for the Wright and Leadbetter (1975) theory.

The plots of Fig. 3 show that S�k� becomes particu-
larly large along the �111� direction as the sti�ness, s,
increases. Since the entire �111� line increases in S�k� so
greatly between 2s0 and 10s0 the implication is that
`pancake' shaped domains of correlation of approxi-
mately one layer thick are forming in planes in real space
perpendicular to �111�. These pancakes should have a
large radius because, at a sti�ness of 10s0, the line of
peaks along �111� in k space has become as narrow as
our resolution will allow (Fig. 4).

The structure and the amplitude of S�k� on the RUM
planes is changed very little in runs with supersti� tet-
rahedra (s � 10s0). This is illustrated well by viewing the
plots of S�k� along the �001� line in Fig. 5. The plot
ignores the peaked region close to the C point, which has
been attributed to acoustic modes, and the lack of
change of S�k� with changing sti�ness along these RUM
lines is evident. The ¯uctuating disorder of the system
caused by the need for the tetrahedra to tilt in concert is
therefore una�ected by the tetrahedral sti�ness and is
inherent in the ¯exibility of the system.

It is possible to analyse the values of S�k� at impor-
tant points and lines in k space in more detail using the
entries in Table 1. The CM (�110�) direction represents a
general RUM line lying on a RUM plane and its S�k�
value is roughly half that for the CX (�100�) direction
where two RUM planes intersect. This is as expected.
Three RUM planes cross along the CL (�111�) direction
and there is an observed increase in S�k� here in line with
that expected for the three RUMs present.

Further insights into the behaviour of the system
were gained by comparing other results from simula-
tions at di�erent sti�nesses and temperatures. It was
found that a typical non-RUM point, 3

4
1
4 0, showed an

S�k� dependence on temperature which might have
been predicted by Eq. (4). The drop in S�k� is linear
with temperature (Fig. 6) but there does appear to be
a residual value when the extrapolated best ®t line is
taken to 0 K. The origin of this residual scattering
lies in the inherent disordered nature of the system
but its magnitude is considerably lower than that seen
along RUM directions. The values of S�k� on general
points lying on RUM planes (except along the �111�
direction) have been shown to remain roughly con-
stant with increasing sti�ness. The origin of these
scattering values, therefore, lies in the disorder of the
system.

S�k� along the �111�direction remains roughly constant
for s � s0 and 2s0 in accordance with our interpretation
but rises sharply at 10s0 (Fig. 3c). In order to ascertain
precisely what this set of peaks in S�k� means in terms of
the structural changes at 10s0, it is necessary to look at real
space data and this is done in the next section.

4 Real space results: correlation functions

The large S�k� values along the �111� direction imply
that correlations exist in real space in planes to which
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this direction is normal. Spatial correlation functions
were therefore calculated for one of these planes by
correlating the component of rotation about the �111�
axis of one tetrahedron [/�0� of Eq. (5)] with the

equivalent rotations for tetrahedra at each displacement
on the lattice from the ®rst [/�r� of Eq. (5)].

The plots (Fig. 7a, b) give the absolute values of the
correlation function at each tetrahedral site and they

Fig. 3a±c Development of the S�k� values in the (1�10) plane
of b-cristobalite with increasing sti�ness. The tetrahedral
sti�nesses depicted are a s0, b 2s0 and c 10s0. S�k� values are
given on the z axis in arbitrary units. As discussed in the text,
when the in¯uence of the rising S�k� (with increasing
temperature) due to the acoustic modes is discounted, it can
be seen that S�k� rises most signi®cantly along the �111�
direction (with increasing sti�ness)

Fig. 4 S�k� of b-cristobalite along a line on the RUM plane �1�10�.
The central peak occurs at the intersection with the �111� direction

Fig. 5 S�k� along the �001� direction in k space. The region close to
C, which is in¯uenced greatly by the acoustic modes, is excluded
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show that, for sti�nesses of s0 and 2s0, the central peak
of the function has a very short range and has reached
approximately 10% of its maximum value by the second
to third nearest neighbours. In directions perpendicular
to RUM planes (indicated by the arrows in Fig. 7a), the
correlation remains at a reasonably constant value of
5%±10% for a much greater distance or decays very
slowly to the edge of the sample.

At a sti�ness of 10s0 (Fig. 7c) the magnitude of the
correlations and their distances rise slightly, the mag-
nitudes of the correlation function remain at �10% out
to the edges of the sample (outside the range of Fig. 7)
and 20% values are commonly found out to the 4th and
5th nearest neighbours. This rise is the real space man-
ifestation of the peaks seen in k space at high sti�ness
along �111�. The narrow k-space peaks (Fig. 4) indicate

Table 1 Values of S(k) at several points and lines calculated in the
simulations at a sti�ness of s0 (1000 K). The number of RUMs at
each point in the ideal high cristobalite structure, as given by
CRUSH, are also provided

Line/position
in k-space

Value of S(k) at
this/these k point(s)
(arbitrary units)

Number of RUMs
at the point/along
the line

CL [111] 4.0 3
CX [100] 2.9 2
CM [110] 1.5 1
X 1.4 2

Note: values obtained for S(k) along lines are averaged excluding
the e�ect of the acoustic modes close to the C point

Fig. 6 Behaviour of the S�k� function of b-cristobalite at the non-
RUM point, 3

4
1
4 0. S�k� linearly decreases with temperature and the

extrapolation of the best ®t line shows that there is a residual value
at 0 K due to the structural disorder of the system

Fig. 7a±c Representations of a �111� layer of b-cristobalite. Each
tetrahedron has a rotational correlation function value corre-
sponding to the absolute value of fsp�r� in Eq. (5). a s � s0, 1000 K,
b s � 2s0, 500 K, c s � 10s0, 100 K

c
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that the correlation range will be long and indeed it is
but we see that this can be true without requiring the
correlation value also to be large, it is �10% at the
sample edge.

Though there is a true increase in both the magnitude
and length of the correlations for s � 10s0 the central
peak of the function remains very small in its range.
Therefore, the sharp increase in S�k� along the h111i
directions in reciprocal space noted in the previous sec-
tion signi®es a measurable but small correlation in the
planes normal to h111i, and not a permanent, displacive
change of tetrahedral orientations. The system remains
essentially disordered, even at such a large sti�ness. The
similarity in the spatial dependences of the central peaks
for all sti�nesses suggests that the structure is free to
dynamically disorder as a result of its inherent geometry
to the extent argued in Sect. 7. Due to its great freedom
it does not form domains.

5 Real space results: oxygen positions

5.1 Cristobalite

In order to ascertain whether there was any localisation
of the oxygen atoms at particular positions on their
trajectories, probability density functions giving the
probability of ®nding an oxygen at a certain point, were
calculated. The positions of the oxygen atoms were ta-
ken to be the halfway points between the split tetrahe-
dral vertices.

A slice of the total space surveyed, lying equidistant
from the average silicon positions and containing the
plane in which the annulus of oxygen positions of the
static and dynamic theories should occur, is shown in
Fig. 8 for s � s0. The slice has a depth (into the page) of
0.05 AÊ and a SiASi vector on average passes straight
through the centre. The plot shows a uniform distribu-
tion of oxygen atoms about the centre with a particular
concentration occurring at a radius of approximately
0.4 AÊ , indicating a tetrahedral tilt away from the �111�
axis of �17� as expected. There is no sign of preferred
spots of oxygen atoms at this sti�ness. A similar result
was obtained from Monte Carlo simulations using re-
alistic potentials by Welberry et al. (1989), from mo-
lecular dynamics by Swainson and Dove (1995b), and
from reverse Monte Carlo analysis of total neutron
scattering data by Keen and Dove (to be published).

The equivalent results obtained at a sti�ness of 10s0
are compared with those for s0 in Fig. 9a, b. The height
of the surface at each point represents the probability of
®nding an oxygen atom there. It can be seen that there is
a greater localisation of the oxygen atoms at the annulus
around the �111� direction at 10s0 than at s0 and subse-
quently oxygens are less likely to be found passing
through the �111� axis. The annulus depicted in Fig. 9b is
more rugged than that of Fig. 9a suggesting that some
spots may correspond to lower system energies than
others. However, the extent to which the oxygen atoms

Fig. 8 A probability density plot (unnormalised) for the oxygen
atoms of b-cristobalite occurring within a volume slice lying at
the mid point between the average positions of neighbouring
silicon atoms. The �111� (SiASi) direction is normal to the slice
and passes through its centre (0,0). The �x; y� coordinates are
given in AÊ and the scalebar gives a relative probability scale

Fig. 9a, b The probability of ®nding an oxygen at each point
within the volume slice described in Fig. 8. a Shows results for
s � s0 and b for 10s0
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are found on some spots upon the annulus rather than
others is almost negligible.

5.2 Quartz

The positions of the oxygen atoms in the structure of
quartz do not lend themselves to be plotted in so simple
a manner as is possible with cristobalite, where they fall
upon easily visualisable planes. Therefore, given that the
oxygen atoms in a-quartz lie on the 6(c) positions of the
P3221 space group, it was possible to use their general
fractional coordinates, in terms of the variables x; y and z
(as de®ned in the International Tables of Crystallogra-
phy) to form order parameters for the a� phases. Cer-
tain linear combinations of the x; y and z variables result
in characteristic values for the a� phases and are zero in
the b-phase (Tautz et al. 1991). Two such order pa-
rameters are �1=6ÿ z� and �xÿ 2y � 1� for the left-
handed enantiomorph of quartz simulated here. These
were calculated in our simulations since they allowed us
to locate the oxygen atoms in the x-y plane and the z
direction which resulted in the two dimensional plots of
Fig. 10a±c. These clearly display the degree to which the
oxygen atoms are localised at three sti�nesses. In
marked di�erence to the results of b-cristobalite, in
b-quartz the oxygen atoms tend to localise at particular
sites as the sti�ness is increased in the high phase. Since
the system is initiated in the a� phase, it is these sites
which are occupied at very high sti�ness, 10s0. It should
be stressed that the system is vibrating at the b-quartz
volume so such a localisation is not a trivial point. The
qualitative di�erence between the two structures is clear,
the signi®cantly lower number of RUMs in b-quartz
denies the structure the necessary freedom to ¯ex like a
bicycle chain and instead, at very high tetrahedral sti�-
ness, it is `locked' into a lower symmetry static state.

6 Time correlation functions

In addition to the real space correlation functions dis-
played, it is necessary in any discussion of short range
order to address the issue of the lifetimes of any ordered
regions. For the purposes of this study it is deemed that
decay times greater than the phonon period of the lowest
frequency mode of oscillation of the system are signi®-
cant. These approximate RUMs have frequencies in the
region of 1 THz which also compares well with experi-
mental measurements of the low frequency modes
(Swainson and Dove 1993a).

The time-dependent functions were computed as
generally as possible, as detailed in the `molecular dy-
namics model' section (Eq. 6).

For all domain formations, rotations of the tetra-
hedra persist locally. Any correlation function contain-
ing values of the rotation angles should reveal the
existence of such a persistence. Therefore, the pure ro-
tational components of the matrix gij�t� were linearly

combined to form the rotational time dependent func-
tion ftime�t� where

Fig. 10a±c Contour maps showing the number of oxygen atoms
located within speci®c regions of the order parameter space for
b-quartz described in the text (�xÿ 2y � 1� and �1=6ÿ z� being the
order parameters). Three tetrahedral sti�ness are represented: a s0, b
2s0 and c 10s0. Order parameter coordinates of �0:029;ÿ0:075� and
�ÿ0:029; 0:075� correspond to the a� and aÿ phases of quartz at the
system volume
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The function is found by summing the rotation angles
(h) for each tetrahedron in a primitive cell (n � 1; 2)
about the three Cartesian axes (i � x; y; z) and therefore
this linear combination is a projection of the tetrahedral
rotations about �111�.

It is seen from the plot of Fig. 11 that the correlation
value for b-cristobalite at s0 has decayed to a value lower
than 10% within the oscillation period of even the
lowest frequency phonons of the system (�1 ps). The
function contains all rotational correlations and any
local static patterns involving tetrahedral rotations
would have resulted in a much longer decay time than
that observed.

7 Discussion and conclusions

The simulation results show that there is no static
structure in the model of b-cristobalite. Given that the
simulation contains much of the essential physics of the
true system it is therefore inferred that b-cristobalite
does not consist of a collection of short range domains,
each made up locally of coupled, rotated tetrahedra. The
de®nition of an e�ectively static environment, in this
study, was taken to be one which did not alter signi®-
cantly over the time scale of the longest phonon oscil-
lation periods. The striking similarity of the TEM
images and the scattering function calculated during
simulations shows unequivocally that the entire set of
RUMs is responsible for the low frequency dynamics
and disorder of the crystal.

The domain theories of Hatch and Ghose (1991) and
Wright and Leadbetter (1975) are ruled out by various

analyses of the data. Firstly, there are seen to be no
peaks at the k points of the scattering factor, S�k�,
corresponding to the modes which should condense to
give the local domain structures. Secondly, the real space
correlation functions calculated have very much shorter
ranges than those expected for such functions given the
existence of domains. Thirdly, contour plots of oxygen
positions reveal that there are no preferred spots lying
on the annuli around the h111i axes as would occur for
domains of the types predicted.

Sti�ness increases from s0 ! 10s0 result in no chan-
ges in the S�k� function other than the appearance of
peaks along the �111� direction. The long range corre-
lations normal to the h111i directions, implied by the
existence of these peaks, are found to exist at 10s0 but
had a low correlation magnitude of �10%. Mathemat-
ically, the Fourier Transform of the S�k� function over k
space, which results in the real space correlation func-
tion, gives a short range central peak (roughly out to the
second nearest neighbours). The extra contribution to
this integral given by the peaks along the h111i direc-
tions in k space serves to cause a long range but low
amplitude correlation at a sti�ness of 10s0 so that the
structure is still disordered.

An enhanced correlation is intuitively expected with
increased sti�ness (or decreased temperature) since the
tetrahedra become more con®ned to rotated orienta-
tions. As a consequence, oxygen atoms are positioned
with greater probability on annuli around the h111i axes
as demonstrated by Fig. 9. This rotational con®nement
results in the increased correlation values of Fig. 7c.

The lack of a signi®cant change observed in the real
space correlation function when the sti�ness of the tet-
rahedra are increased provides a preliminary indication
that the freedom of the structure is practically inde-
pendent of the sti�ness. The RUMs of the system are
able to superpose on one another and result in local
rotations to satisfy the constraint that the SiAOASi
angles lie between 140�±150�. Further to this, the con-
tour plots of the oxygen positions show that in the
b-cristobalite structure a tenfold increase in tetrahedral
sti�ness does not bring about a con®nement of the tet-
rahedra to particular rotations; they rotate freely on
the annuli around the h111i axes. Unlike b-cristobalite,
the oxygen atoms in b-quartz do tend to localise when
the sti�ness is increased. This phenomenon is therefore
strongly related to the number of RUMs available to
the structure to permit rotations of the tetrahedra when
the energy penalty paid for non-RUM motion is very
high. When all but the RUM motions have been frozen
out b-cristobalite remains disordered whereas b-quartz
orders. The b-quartz structure has far fewer RUMs than
b-cristobalite and therefore far less freedom to deform
through low energy tetrahedral rotations.

An illustration of the ideas presented is given by
Fig. 12. Depicted here is a snapshot of a single �111�
layer of tetrahedra in the cristobalite sample at a sti�ness
of s0. Oxygen atoms are placed at the positions midway
on the vectors linking tetrahedral vertices. It becomes

Fig. 11 The time correlation function ftime�t� for rotations of
tetrahedra in b-cristobalite about the �111� axis as detailed in the
text (Eq. 8) at s � s0
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clear how several RUMs can superpose to give an
overall disordered structure. Some regions appear to
show longer ranged tetrahedral rotational correlations
than second nearest neighbour and this is a natural
consequence of the RUM superposition model which
demands a degree of short range regularity while al-
lowing longer ranged disorder in systems with many
RUMs such as b-cristobalite.

The fact that a pair of corner-sharing tetrahedra must
rotate in opposite directions in order to maintain their
integrity means that large amplitude RUM motions re-
sult in SiAOASi angles between 140±150�. The S�k�
values along RUM lines such as �001� and �110� tend to
remain relatively constant with changes in the kinetic
temperature whereas non-RUMs S�k�s alter signi®-
cantly. This observation tells us that it is the RUMs
which largely contribute to the dynamic disorder of the
system by e�ecting concerted rotations which allow
oxygen atoms to occupy arbitrary positions on the an-
nuli around h111i axes. Non-RUM vibrations are
overlayed onto the already disordered structure which
has been brought about by a superposition of all of the
RUMs. This signi®cant result states that framework
crystalline systems with high degrees of inherent geo-
metric ¯exibility may disorder easily, leading to very low
correlations between sti� polyhedral units.
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